We investigate the inhomogeneous Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) and homogeneous Sarma superfluid states in alkaline-earth-like 173 Yb atomic gases near an orbital Feshbach resonance at zero temperature with population imbalances in both the open and closed channels (or bands). We find that in homogeneous space by adjusting the open-channel Zeeman energy ho, both the Sarma and Fulde-Ferrell superfluid states are greatly enhanced by the spin-exchange interaction while the closed-channel Zeeman energy hc remains small. In the presence of an external harmonic trap, the trapped gas features a shell structure of separated phases, where the Sarma phase leaves detectable valley structure in the columnar-integrated momentum distribution, and the Fulde-Ferrell state acquires enhanced spatial anisotropy. As both signatures can be easily detected in time-of-flight images, our findings are helpful to realize and detect the long-sought FFLO and Sarma superfluid states at the same time in experiments.
Introduction. The mechanism and resulting superfluid (SF) phases of pairing between fermions in the presence of Zeeman energy (ZE) is one of the key questions in the research of multidisciplinary field of physics. Two wellknown prototypes of unconventional SF, the inhomogeneous Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) [1] [2] [3] and homogenous Sarma SF (also referred as breachedpair SF) [4, 5] , have been proposed and extensively studied in condensed matter physics [6] [7] [8] [9] , cold atomic gas [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and chromodynamics [3, 24] . As the ZE induces mismatch between Fermi surfaces, pairing can either take place between fermions near shifted Fermi surfaces to form FFLO states with Cooper pairs of non-zero center-of-mass momentum, or involve particles inside the larger Fermi sea to establish Sarma phase with gapless excitations.
For alkaline-metal atomic gases near a magnetic Feshbach resonance (MFR), the FFLO phase is stable only within a narrow shiver of parameter space in the BardinCooper-Schrieffer (BCS) regime [11, 13, 20, 23] , while the Sarma phase with on Fermi surface (FS) exists only in the Bose-Einstein-condensation (BEC) regime and the one with two FSs is always unstable [10, [13] [14] [15] [16] 20] . Previous works suggested that either FFLO or Sarma SF can be realized or even detected in assistance of various mechanisms, e.g., spin-orbit coupling [25] [26] [27] , multiband effect of optical lattices [28] [29] [30] [31] [32] , and lowdimensionality [18, 19] , a crystal sharp evidence for the realization of FFLO and Sarma states is still hindered by experimental difficulties and technique limitations. Recently, a new kind of Feshbach resonance referred as orbital Feshbach resonance (OrbFR) is theoretically proposed and experimentally verified [33] [34] [35] in alkalineearth-like 173 Yb atomic gases. Comparing to MFR, an OrbFR system involves four atomic levels [17, 36] and hence two independent ZEs in the open and closed channels, and features a spin-flipped inter-channel interaction. These characteristics bring new aspects to many physical properties of an OrbFR system, including the transition temperature of SF [37] , collective excitations [38] [39] [40] , polaron-molecular transition [41] , and topological states within spin-orbit coupling [42] [43] [44] [45] [46] . Specifically, Ref. [40] proposes an emergent Sarma state in large but equal ZEs (h o = h c ) in the open and closed channels with artificial setting, while Ref. [47] studies the pair-breaking effect of finite temperature in a harmonic trap without ZEs. A relevant question remains to be addressed is what kind of pairing states can be realized with physical parameters of the 173 Yb OrbFR if one takes the full advantage of controlling the ZEs in both the open and closed channels?
In this Letter, we investigate the pairing states in degenerate 173 Yb atomic gases at zero temperature with ZEs under realistic experimental settings and physical parameters. As there are two channels in an OrbFR system, the pairing states in the open and closed channels can in principle be different. Here, we focus on the case where the closed channel is positively detuned from the open channel by a detuning of δ, and employ a meanfield approach to determine the pairing states for both channels. For a three-dimensional uniform system, we find that among all possible combinations of SF states in different channels, only four of them are stabilized as listed in Fig. 1 . Specifically, at least one of the two chan-nels must be in the BCS phase regardless of the choice of ZEs. If the open channel (labeled by the subscript o) is in the BCS phase, the closed channel (labeled by c) only supports the BCS or the Sarma states. As a comparison, if the closed channel is in the BCS phase, the open channel can be chosen from the BCS, the FFLO, and the Sarma phases. We then discuss the effect of an external harmonic trap under the local-density approximation, and show that both the FFLO and Sarma states leave sizable signatures which can be detected using timeof-flight imaging technique [15, 48] .
Model. In an OrbFR, 173 Yb atoms are prepared in the lowest two electronic manifolds | 1 S 0 (denoted by orbital |g ) and | 3 P 0 (|e ) with nuclear spin | ↑ (magnetic quantum number m ↑ ) and | ↓ (m ↓ ). The open channel is composed of |o ↑ ≡ |e ↑ and |o ↓ ≡ |g ↓ , while the closed channel involves |c ↑ ≡ |g ↑ and |c ↓ ≡ |e ↓ states. The Hamiltonian in the grand canonical ensemble then takes the form,
where ξ k,j,σ = ǫ k − µ j − ξ σ h j with j = {o, c}, the kinetic energy ǫ k = 2 |k| 2 /2M with M the atomic mass, the chemical potentials µ o = µ and µ c = µ − δ/2, δ = δ g µ N ∆ m |B| is well controlled by an external magnetic field B with δg the nonzero differential Landé g factor between |g and |e , µ N the nuclear Bohr ′ s magneton and ∆ m = m ↑ − m ↓ .ĉ k,j,σ (ĉ † k,j,σ ) is the annihilation (creation) operator of atom with momentum k and spin σ in the channel j, and an effective ZE h j (ξ σ = ±1 for spin-up and spin-down) is additionally applied by introducing intra-channel population imbalances that are one-to-one mapping to the experimentally tunable imbalances in the degree of nuclear spin and electronic orbit. The bare intra-channel coupling strength is symmetric U oo = U cc = U 0 and the inter-channel spin-exchange interaction U oc = U co = U 1 with U 0(1) = (U + ± U − )/2, which are related to the corresponding two scattering lengthes a s+ (a s− )=1900 (210) a 0 with a 0 the Bohr radius via the conventional three-dimensional renormalization [34, 35, 49, 50] . By increasing δ from zero, the effective scattering length a s between particles in the open channel is tuned from the BEC regime to the resonance point at δ res = 4 2 /M (a s+ + a s− ) 2 , and to the deep BCS regime [33] . Notice that it is intrinsic that the deep BEC regime can not be reached in OrbFR.
For simplicity, we consider here only the Fulde-Ferrell (FF) state where all Cooper pairs acquire the same momentum. Although the Larkin-Ovchinnikov state with two components of opposite momenta is in principle more stable than the FF state, they are qualitatively consistent around the phase boundaries [20, 51] . Due to the momentum conservation, the momentum of Cooper pairs 2 Q are the same in both channels, and the order parameters in different channels can be written as
Within the mean-field treatment, the condensation energy of the Hamiltonin Eq. (1) between the SF and normal states at zero temperature can be divided into three parts as δG = δG o + δG c + δG oc . The order parameters ∆ o/c and the wavevector of Cooper pairs |Q| are self-consistently determined by solving the gap equations ∂δG/∂∆ o = 0, ∂δG/∂∆ c = 0 and saddle-point equation ∂δG/∂|Q| = 0 [52] . As δG is an even function for both ZEs h o/c , we assume they are definitely positive without loss of generality. As in the case without population imbalance, there exist multiple solutions of the gap and saddle-point equations in the imbalanced case. One is an in-phase solution where the order parameters ∆ o and ∆ c have the same phase, while the another is an out-of-phase solution with a π phase difference. For 173 Yb, the two scattering lengthes are positive and satisfy a s+ ≫ a s− > 0. Thus, the absolute ground state is the in-phase solution which corresponds to a rather trivial SF phase of deeply bounded dimers. The metastable out-of-phase solution can be tuned through the BEC-BCS crossover [52] [53] [54] and is proved to be both mechanically and dynamically stable in the case without population imbalance [38] . We then focus on this out-of-phase metastable solution, assuming it is also stable in the presence of population imbalance, and consider it as the 'ground' state [52] unless specified. We also assume without any loss of generality that ∆ o ≥ 0 and ∆ c ≤ 0.
In the presence of ZEs, the pairing state in each channel can be chosen from the BCS, FF, and Sarma states, which are characterized by |Q| = 0 with no polarization, |Q| = 0, and |Q| = 0 with polarization, respectively. There are hence nine different combinations as depicted in Fig. 1 . However, in a fairly large parameter regime which is realistic in experiments, we conclude that five of these possibilities (gray in Fig. 1 ) are ruled out as the 'ground' state as defined above. In particular, the pairing state in the closed channel is most likely to be in the BCS phase, except in the limiting case of large h c and small h o where the Sarma phase (only one FS in most regime except around δ = 0) is stabilized in the closed channel while the open channel is a BCS state (i.e., BCS o Sarma c ). This result can be understood by noticing that as the closed channel is highly detuned, the low-lying states in the open channel can assist pairing in the closed channel via the spin-exchange interaction, in return favor the conventional BCS state which has no modulation and nodal structure. Another consequence of the inter-channel interaction is that the two order parameters ∆ o/c approach zero simultaneously with increasing ZEs, showing that the superfluidity in both channels are intimately connected with each other as suggested in a finite-temperature analysis of the population balance case [37] .
The pairing state in the open channel, however, possesses a rich phase diagram with all three possibilities of BCS, FF, and Sarma states when h c is weak. Thus, next we focus on the limiting case of h c = 0 and investigate the phase diagram by varying h o . The general scenario in the presence of both ZEs is qualitatively similar and discussed in the Supplemental Material [52] . 
BEC-BCS crossover at
In Fig. 2(a) , we depict the zero temperature phase diagram by varying δ andĥ o for a fixed µ = E F . Generally speaking, the system is in the BCS o state whenĥ o is small, and becomes Sarma o or FF o for moderateĥ o depending on the detuning, and eventually turns into a fully (FP o ) or partially (PP o ) polarized normal state for even largerĥ o . In the BEC regime of δ < δ res , the BCS gap ∆ o becomes even larger than the chemical potential µ due to the formation of tightly bound molecules [54] . As a result, the critical ZEĥ o,1 ≈ 1 (also h o > µ), beyond which the Sarma o phase can be stabilized by pairing few atoms around zero kinetic energy (also paring around possesses one FS within the parameter regionĥ o <ĥ o, 6 , and features two FSs forĥ o >ĥ o, 6 . Note that the line ofĥ o,6 remains aboveĥ o,1 throughout the OrbFR , with a small interval 0.071 at δ = 0. In the BCS regime of δ > δ res , the critical ZEĥ o,1 decreases from the limiting value of unity, and the Sarma o state is gradually replaced by FF o with nonzero wavevector |Q|. In particular, in the BCS limit with δ/(2E F ) ≫ 1, the lower (ĥ o,1 ) and upper (ĥ o,2 ) boundaries of FF o would saturate to 1/ √ 2 ≈ 0.756, in consistence with the results in conventional MFR [13, 40, 55] .
A distinct feature of the phase diagram Fig. 2 (a) is that both the stable regions of Sarma o and FF o states are greatly enlarged by evolving from the BEC to the unitarity and to the BCS regime for δ 2µ. This is in stark difference compared with the case of broad MFR, where the Sarma and FF phases are both hindered by crossing over from the BEC to the BCS sides [11, 13, 20] . To understand this result, we notice that when δ < 2µ, both the open and closed channels are populated, such that the Hamiltonian Eq. (1) can be considered as a two-band model with effectively asymmetric interactions resulting from the finite energy detuning δ. Thus, as one enhances the asymmetry between the two bands with increasing δ, the Sarma and FF states can be further stabilized with inter-channel pair tunneling [8, 23, 28, 29, 40, 53] induced by spin-exchange interaction. On the other hand, when δ 2µ, the highly detuned closed channel is essentially frozen and the inter-channel pair tunneling is significantly reduced. As a result, the system reduces to an effective single-channel model and behaves similarly as a broad MFR [56] .
The crossover from a two-band to a single-band model can also be observed from the variation of wavevector |Q| of the FF o state, as shown in Fig. 2(b) . In the two-band side with δ 2µ, FF o emerges with a small wavevector |Q| 0.05k F . The increase of δ within this regime can enhance the inter-channel pair tunneling, such that the system can tolerate FF state with a much larger wavevector. After reaching the maximal value of |Q| ≈ 0.26k F at δ/2E F ≈ 1.147, the wavevector starts to drop with δ, and approaches to zero as one would naturally expect for a single-band model in the deep BCS limit [20] .
To further characterize various phases and phase transitions between them, we present the evolutions of several physical quantities withĥ o in Fig. 3 for four typical values of δ. In the BCS o phase with both |Q| = 0 and P o ≡ (N o↑ − N o↓ )/(N o↑ + N o↓ ) = 0, we find that the closed channel is occupied macroscopically even in the BCS limit with δ ≫ δ res due to the inter-channel pair tunneling, as can be seen from the closed channel fraction F c = σ N cσ / σ (N oσ + N cσ ). In the two-band regime of δ/2µ 1, the open and closed channels are approximately equally populated with F c ∼ 0.5, as shown in Figs. 3(a)-(c) . However, when δ/2µ 1, the system crosses over to the one-band model with F c significantly reduced from 0.5 as in Fig. 3(d) . In the Sarma o phase with |Q| = 0 and P o = 0, a phase separation in momentum space is clearly observed and verified by the density distribution [52, 57] . In the FF o state with both |Q| = 0 and P o = 0, the wavevector |Q| increases roughly linearly with h o [58] . From the behaviors of these quantities, we conclude that in the mean-field level, the phase transition from the BCS o or Sarma o to the FF o phase is first-order (thick dotted lines in Fig. 2) Fig. 2) . We also observe that the polarizations of these phases from low to high usually is P BCS < P FF < P Sarma , which determines the shell structure of the atomic gas trapped in a harmonic trap [12] .
Detection. To facilitate the realization and identification of the exotic pairing states discussed above, we next study the distributions of atoms in an external harmonic trap
at zero temperature under the localdensity approximation [48] . Depending on the value of h o , four typical shell structures in spatial space [52] can be observed as implicitly indicated in the phase diagram Fig. 2(a) . When h o is weak, the trap center is occupied by the BCS o phase with a narrow FF o wing as in the case of broad MFR [23] . A key characteristic of the OrbFR system is that with increasing h o , the BCS o core is completely suppressed and replaced by the Sarma o or FF o state, leaving detectable features in experiments.
One measurable quantity is the columnarintegrated density distributions in momentum space for the |g, ↓ staten g,
, which can be easily obtained by spin-selective time-of-flight imaging. For alkaline-metal atoms around a broad MFR, the signature of the FFLO phase docked in the outer shell is usually smeared out by the robust homogeneous BCS state at the trap center [11, 20] . However, for the OrbFR system we identify clear features for both the Sarma and FF states. In Fig. 4 , we show the columnar densityn g,↓ (k x , k y ) integrated along the z-direction, which is about an angle θ with the FF wavevector Q. In the left column of Fig. 4 , we choose the z-axis to be align with Q and show the distribution along the radial axis as the system acquires an axial symmetry for θ = 0. A non-uniform valley structure with a double-or single-peak gradually emerges [14, 15] with increasing h o , resulting from the gap of |g, ↓ between the two FSs in the Sarma o phase and the depletion of the BCS o or FF o . In the right column of Fig. 4 , we show the case with θ = π/2, wheren g,↓ (k x , k y ) demonstrates clear anisotropy induced by the presence of FF o state.
Conclusion. We study the exotic pairing phases in ultracold gases of 173 Yb atoms near an orbital Feshbach resonance in the presence of population imbalances. Using realistic physical parameters, we find that both the FFLO and Sarma superfluid phases are greatly enhanced due to the existence of inter-channel pairing tunneling. As a consequence, these exotic states are stabilized in a wider region in a harmonic trapping potential, and hence leave experimentally detectable signatures in columnarintegrated momentum distributions. Our results suggest 
APPENDIX A: CONDENSATION ENERGY AND SADDLE-POINT EQUATIONS
In grand canonical ensemble, the condensation energy δG between the superfluid (SF) and normal states at zero temperature is calculated in standard formalism and explicitly divided into three parts: the condensation energy associated with the open (δG o ) and closed (δG c ) channels,
and the interference energy between the two channels,
which results in the inter-channel pair tunneling [28] .
The saddle point equations for the two order parameters and the pairing momentum then read
and
where the specialized functions in each channel are defined as
In the expressions above, θ k is the angle between Q and k, Θ(·) is the Heaviside function. The energy dispersions of quasi-particles are In alkaline-metal atomic gases, both the BCS and Sarma SF states are homogeneous in spatial space. However in contrast to the BCS state, the Sarma state is usually stabilized in the presence of large Zeeman energy (ZE) by reducing the magnitude of the SF order parameter |∆| to become smaller than the corresponding ZE |h|. As a result, this state is fully polarized around the chemical potential and fully paired in the remained momentum space even at zero temperature. In other words, the Sarma state is a phase separation state in momentum space [4, 5] . Specifically, if |∆| < h < µ 2 + |∆| 2 , a fully-polarized shell is formed in momentum space between the two Fermi sur- Fig. 5 we show the typical dispersions of quasi-particle excitations E k,j,± and the corresponding momentum distributions of bare atoms n k,j,σ = ĉ † k,j,σĉ k,j,σ in both channels. Here,
APPENDIX C: TYPICAL PHASE DIAGRAM WITH ZEEMAN ENERGIES
In this section, we discuss a typical phase diagram in the presence of ZEs in both channels, To complement the discussion on the momentum distributions in the presence of an isotopic harmonic trap V ext (r) in the main text, we further demonstrate the corresponding spatial density distributions. Because the characteristic length of the trap is much larger than other length scales, the atomic gas can be treated as locally homogeneous (local density approximation) by replacing µ j in Eq. (1) in main text by the local chemical potential µ j (r) = µ j − V ext (r) (j = {o, c}). After getting the stable out-of-phase solutions along the radial axis, we calculate the radial density distributions,
with
The global chemical potential µ is constrained by the total number of atoms N . Generally, the BCS state prohibits any polarization due to the finite energy gap, while the normal gas without any long-range order is paramagnetic. Between the two limiting cases, there exist other candidates in this OrbFR system to preserve intermediate polarization, i.e., the crucial FFLO and Sarma SF states discussed in main text. Depending on the value of ZE, we indeed find that the emergence of Sarma state changes greatly the spatial shell structure corresponding to Fig. 4 in the main text, as shown in Fig. 7 . When h o is weak, e.g., h o /E F0 = 0.4 (not shown in Fig. 4 in the main text) , the shell structure is similar to the one presented in a system of magnetic Feshbach resonance. However in the OrbFR, by increasing h o further, the increased total polarization of the atomic gas in the open channel is fulfilled by completely suppressing the SF state with lower polarization while enhancing the one with higher polarization [23, 28] , and finally the total atomic gas in the open channel becomes fully polarized (FP o ) in large h o limit, as demonstrated for h o /E F0 = 0.94, 1.02 and 1.1. Around the interface between the SF state and the normal state, the local polarization δn o (r) is maximized. The relevant schematics of shell structure are present in the bottom row of Fig. 7 .
We remark that the ZEs h o/c in both channels are only accessible by tuning the population imbalances in both channels, or equivalently the imbalances in the two electronic states |g and |e
and the number fraction in the |e state F e = N e N e + N g = 0.5 (1 + P o (1 − F c )) .
In Table. I, we present the corresponding polarizations and fractions for cases shown in Fig. 7 and Fig. 4 
